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Abstract 

A topological version of four-dimensional (Euclidean) Einstein gravity which we pro- 
pose regards anti-self-dual 2-forms and an anti-self-dual part of the frame connections 
as fundamental fields. The theory describes the moduli spaces of conformally self-dual 
Einstein manifolds for a cosmological constant A / case and Einstein-Kahlerian man- 
ifold with the vanishing real first Chern class for A = 0. In the A ^ case, we evaluate 
the index of the elliptic complex associated with the moduli space and calculate the 
partition function. We also clarify the moduli space and its dimension for A = which 
are related to the Plebansky's heavenly equations. 



*On leave of absence from Tokyo Institute of Technology after April 1994. 



I. INTRODUCTION 

Recently a number of noteworthy connections have been revealed be- 
tween a class of field theories called topological quantum field theories on 
one hand, and the mathematical advances in the topology and geometry of 
low dimensional manifolds on the other. The study of these relations has 
been introduced by SchwarzjiJ and Witten^]. Topological quantum field 
theories are constructed by fields, symmetries and equations. 

One concept that lies in the topological quantum field theory is the real- 
ization of the moduli spaces. The moduli space is defined as the equivalent 
set of the solutions of the fields for the equations associated to the symme- 
tries of topological quantum theories. These theories can be described by 
the moduli spaces and are characterized by their topological and geomet- 
rical invariants which depend only on moduli parameters. There may be 
various topological quantum field theories which describe the same moduli 
space. The prime interest of these theories is these invariants, which are 
computable by standard techniques in quantum field theories. 

Some gravitational versions of topological quantum field theories are also 
given by Witten||]'[Q]. The two-dimensional gravity models are of impor- 
tance and promise new insight into the string theory [0]. He conjectured 
that certain series of critical points in the matrix model approach (i.e. the 
dynamical simplicial decomposition of Riemannian surfaces) is equivalent 
to the two-dimensional topological gravity. In fact, Kontsevich used the 
intersection theory []5[] to support the conjecture. This result is important 
to know the non-perturbative effect of the string theory. 

Since the work of Witten, there have been several attempts to construct 
four-dimensional topological gravity theories over different kinds of the grav- 



itational moduli spaces Oq] [ XX ] . For example, the moduli space of the 



conformally self-dual gravitational instantons was investigated in detail by 
Perry and Teo [§. 



In previous papers [X2] [X3] we proposed a four-dimensional topological 
gravity model. This model contains two types of topological field theories 
; Witten-type topological field theory in the cosmological constant A / 
case and Schwarz-type topological field theory in the A = case. They are 
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obtained by modifying a chiral formulation of Einstein gravity developed 



by Capovilla et al. [14]. In these theories three quaternionic Kahler forms 
and the anti-self-dual part of the frame connections of the principal bundle 
Pso(4) are used as fundamental fields. The advantages of using these fields 
are that the treatment analogous to that of Yang-Mills field is possible and 
that the moduli space can be easily defined in terms of them efficiently. 

In the A / case, the moduli space is the set of the equivalence class of 
the fields defining the Einstein conformally self-dual Riemannian manifolds. 
This moduli space is up to orientation, identical with the one considered by 
Torre . In his paper the dimension of the moduli space is found to be zero 
when the cosmological constant is positive, and the result is true also in our 
case. In the A = case, the moduli spaces are those of Einstein-Kahlerian 
manifolds with vanishing real first Chern class. 

The purpose of our attempt is to investigate the four-dimensional gravi- 
tational instantons and derive the topological invariants such as the partition 
function and observables. We explore the relation between the simplicial 
decomposition of four-dimensional manifolds and the four-dimensional topo- 
logical gravity. 

We can regard the A / case as a simple example of a gravitational 
analogue of the Donaldson theory and expect that we can calculate some 
topological invariants such as the partition function in four dimensions. 

On the contrary, the A = case is a BF-type topological gravity model. 
The partition function of the abelian BF-theory is represented by the Ray- 



Singer torsion [16]. Thus it is interesting to confirm whether our partition 
function in the A = can be related to the Ray-Singer torsion or not. 

Another aspect of the A = case is that it provides the self-dual equations 
of Riemannian curvature 2-form. There have been discovered various kinds 



of non-compact gravitational instantons (i.e. ALE |]l7| or ALF [jig] ) which 
satisfy these equations. In this paper we will treat the compact manifolds 
only. In the near future we will extend our investigation to the non-compact 
case. 

The plan of the paper is as follows. In section II, we present a classical 
action, fields content and equations of motion, and define the moduli spaces 
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in our theory. We explain each case separately to avoid the confusion. In 
section III, we formulate the BRST transformations of our model. In section 
IV, we mention the dimension of the moduli space and zero modes which 
appear in the partition function in the A^O case. In section V, the gauge 
fixing conditions are introduced and the partition function is derived in the 
A / case. In section VI, we explain the dimension of the moduli space in 
the A = case. The section VII is devoted to discussion. 
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II. TOPOLOGICAL 2-FORM GRAVITY 



We adopted the following action suggested by Capovilla et al. [14| and 



Horowitz [19] for our topological gravity model on a four-dimensional man- 



ifold M 4 ||12|Hl3|l. 



^ f r ^k .771 ^ fc 



S TG = - [£* A F k - A E fc ] (k = 1, 2, 3) , (1) 

a Jm 4 24 

where a is a dimensionless parameter and A is a cosmological constant (as 
we will see later that it will appear in Einstein equation R^ w = Ag^ u with 

= {0, • • • ,3} ). 

We start with fundamental fields, a trio of su(2) valued 2-forms S fc and 
a su(2) valued 1-form u> k = u^dx^. F k denotes the su(2) valued 2-form with 
F k = F k v dx^ A dx v = du k + (u x uo) k = du> k + e^ k uj l A (e l:jk is the structure 
constant of SU(2)). Varying the action with respect to each of fields S fe and 
uj k , we obtain the equations of motion: 

A ^ ; F k - A s fc = 0, DZ k = , (2a) 
A = ; F k = 0, DZ k = , (2b) 

where DY, k = dS fe + 2(w x S) fc . 
In this paper, we take a — > limit in Eq. (|l|) to make the contribution 
from Eq. ( |2a| ) or Eq. ( |2b| ) dominant in our theory. We are interested in 
the moduli spaces which are defined by Eq. (2a) or Eq. ( |2b| ) and the gauge 



fixing conditions which we will explain later. This treatment is similar to 
that of the large fc-limit of the Chern-Simons theory [15] . 



For A ^ 0, one of equations of motion DT, = can be derived by 
F k — ^T, k = and Bianchi Identity DF k = 0. Eliminating T. k from the action 
by using Eq. (|2a|) we obtain the effective action proportional to the second 
Chern number / F k A Fk, which is the classical action of the TYMT ( the 



Donaldson theory) for the SU(2) gauge group [|2 0f[ . Thus the theory reduces 
to a Witten-type topological gravity model on-shell. On the other hand, for 
the A = case, the action describes a Schwarz-type (BF-type) topological 



field theory gj|-[£g]. 
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We suppose the following conditions for the action. 
Postulate la for M 4 with A/0 : 

M4 is a four-dimensional oriented Riemannian manifold. 
Postulate lb for M 4 with A = : 

M4 is a four-dimensional oriented Riemannian manifold and has an almost 
complex structure with its real first Chern class c\{M^)r = 0. 
Postulate 2 for the field oo k : 

We consider the principal bundle Pso(4) °f oriented orthonormal frames 
over M4 with the structure group 50(4). This bundle is associated by the 
tangent bundle with a metric g^ = e^e^daj,, where a,b = {0, . . . 3}. e a = e^dx^ 
is a vierbein (a section of ~Ei\&(TM^) = T*M^ ® TM4 with the assumption 
of det (e) 7^ ). We suppose that the field u> k denotes an anti-self-dual 
part of the frame connections ( a connection of Psu(2) which comes from 
Pso(4) ~ Psu{2) +-f*S(7(2))' ^ i s related to anti-self-dual part of so(4) valued 
1-form connection ^uj ab via rj k b ; 

^-)<(e) = r?f u,J(e), (3) 



where is an anti-self-dual constant called the t'Hooft's rj symbols [|21[| 
Vk b = e k ab0 + \^kij e% with i,j,k = {1,2,3}. Some useful properties of rj% are 
given in Appendix I. A point to notice is that M4 is an oriented Kahlarian 
manifold with c\{M^)r = from the postulate lb. Thus at least the reduction 
of the structure group 50(4) — > U(2) is possible for the A = case ( see 
Ref. 21 and Fig. 1). 

Furthermore we assume the parallelizability of with the Levi-Civita 
connection Y a v and the frame connection u;^ 6 defined by e a . This is a sufficient 
condition for the metricity of g^ ( S/ T g^ u = d T g^ u - Y^g^ - T° T g afl = ); 

V„(e)e£ = d v e% + r^(e)ej - cj b au (e)e^ = 0. (4) 

From this equation, the relation between Riemannian tensor and the cur- 
vature tensor F k is given by 

{ - } V T Q(e)) = AF^\e)eP a el = 4F^ fe (e)r ? f e%%, (5) 

where K^ vpr = ^R^upr + ^Ruupr- It 1S well known that the Riemann cur- 
vature tensors over M4 are written in block diagonal form of 6 x 6 matrix 



^W^pr is the self-dual part of the Weyl tensor and ^'Wn V pT is its anti-self- 
dual part. W V T oc (djj^J ± \ep V P T )R and K^ T oc ^$,] r] , where = 
Rp T — is the trace free part of the Ricci tensor and R is the scalar 

curvature. 

Postulate 3 for S fc field : 

are a trio of su(2) valued 2-forms. We suppose that the index k of 
T, k and u denotes the anti-self-dual part of so(4) index. Namely su{2) is a 
Lie algebra of SU{2) L which comes from SPIN(4) = SU(2) L x SU(2) R ( the 
double covering group of SO {A)). 

Our stance for this model is that the fundamental variables are not e a 
but u k and £ k . We seek the solutions of them which satisfy the above 
postulates, equations of motion and the gauge fixing conditions. These 
conditions specify the manifolds concerning to our model and the property 
of metrics or almost complex structures on them. 

We now turn to the gauge fixing conditions which we set to restrict 
five degrees of the freedom of In this topological model, there exists 
a symmetry generated by a parameter 1-form 6 k in addition to the SU (2) i 
(with a su(2) valued O-form v k ) and diffeomorphism (with a vector field 
symmetries, 

&4 = D T v k + {C^ k ) T + Afl* , SE k v = 2(S^ x vf + {C(Z k )p U + D [fl k u] . (6) 

The # fe -symmetry is regarded as a 'restricted' topological symmetry which 
preserves the equations of motion ( ^a| ) or (|2b|). With the appearance of the 
# fc -symmetry, the theory turns out to be on-shell reducible in the sense that 
the transformation laws (^|) are invariant under 

Sv k = - ±e k + p°J> a , 58 k = D,e k + 2^E*, , 5? = -f , (7) 

as long as the equations of motion are satisfied. The transformations with 
parameters e k and pP" correspond to redundant SU (2) and redundant diffeo- 
morphism, respectively. 
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Our strategy to construct a topological quantum field theory is to con- 
sider the following five equations as gauge fixing conditions for the 9 k - 
symmetry (except for the redundant part of the symmetry). 
Postulate 4 for the gauge fixing conditions for the # fc -symmetry : 



t.f.^i A E j _ E (i A E i) _ ItfyE* A S fc = 0. (8) 



These constraints were imposed in the original 2-form Einstein gravity [14] 
and are necessary and sufficient conditions that S fc comes from a vierbein 

e a = e^dx^ . 

Z k (e) = -rj k ab e a Ae b . (9) 

(We should remark that e a is independent of e a in this stage). {S fc (e)} have 13 
degrees of freedom. The Riemannian metric g^ u = e^e^riai, can be expressed 
in terms of S fc (e); 



i 



1 e a ^ S S MQfc (E^ 7 x £ 5 „) fc , g = det(g^) . (10) 



Such a 2-form S fc (e) is anti-self-dual with respect to world indices \i,v by 



the Hodge dual operation * g rs(e)) which is defined via Eq. (|10|). ( But it 
does not necessarily mean that S fc (e) belongs to su(2) valued anti-self-dual 
2-forms part only because these eigenspaces of the dual operation vary as 
the deformations of H k and g^(£).) 

The set of equations ( |2a| ) or ( |2b[ ) and (|8|) arose before as an ansatz within 
the framework of 2-form Einstein gravity with the cosmological constant 



[14] '[23]. We consider them to be gravitational instanton equations. The degrees 
of the freedom of the fundamental fields are completely fixed by the above 
conditions (see Table 1). 

We also assume the parallelizability of e" with the Levi-Civita connection 
and the frame connection defined by e" as before. The equation 
V(e)r At V(e)^]S^ T = 0, which comes from Eq. (^) and this parallerizability yield 
the following relation between the curvature tensor F k (e) and Riemannian 
curvature tensor; 

H iW( e ) = 4F M /(e)S prfc (e). (11) 

Now we will explain what kinds of Riemmanian tensors are derived from 
the solutions of {S fc } which satisfy Eqs. (|8|), (|ll|) and ( |2^ ) for A ^ ( or Eqs. 
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(|8|), (11) and ( |2b| ) for A = 0) and show the definitions of each moduli space. 



(a) A ^ case : 

Using the property of Riemannian manifold such as torsion tensor T a oc 
D(e)e a = and Eq. (9) we obtain D(e)T, k (e) = 0. Comparing this with 

D{e)Z k (e) = 0, 

u k (e)=u k (e), f*(g) = f*(e). (12) 

Thus we obtain that 

t-f-F^e) A F j (e) = tf -F\e) A F j {e) = 0. (13) 

which leads to S fc (e) = S fe (e). (Note that S fc (e) = S fc (e) is not a sufficient 
condition for 



By substituting F k (e) = F k (e) = ^ k (e) into Eq. (Ill]) 



^ R^pr^ie)) = (-) 5^pr(S(e)). (14) 
Namely M4 becomes a conformally self-dual Einstein manifold. 

A^O; fl^(e) =A 5 ^(e) and ( ~ } W^e) = 0. (15) 
The moduli space in this case is defined by u k only ; 

M{uj) = {uj k I u k G su(2) ® A 1 , *'^'F* A F J ' = 0}/{SE/(2) x cliff eo.}. (16) 

It corresponds to the moduli space of the conformally self-dual Einstein met- 
rics because these metrics are represented by uo k via Eqs. (pah and (10). If 



we consider only compact Einstein conformally self-dual Riemannian mani- 
folds with R > (A > 0), then M4 is either isometric to 5 4 , or to CP 2 , with 



their standard metrics from the theorem given by Hitchin [24]. So the solu- 
tion S fc (e) determines the standard metric on S 4 or the Fubini-Study metric 
on CP 2 for A > 0. 

(b) A = case : 

From Eqs. (||]) and (2b) , the Riemannian tensor defined by e a is self- 



dual ; 

(-) iW(e) = ( 17 ) 
9 



so (M4, g) is a Ricci-flat Kahlerian manifolds. The following theorem gives 
the characterization of Ricci-flat Kahlerian manifolds: 
Theorem ( Hitchin [^4j]) 

Let M4 be a compact connected oriented Riemannian manifold. If M4 is 
Ricci-flat and ^W^p = 0, then (M^g) is one of the following four cases : 

(1) (Mi,g) is flat, i.e. is covered by a flat 4-torus 

(2) (M&,g) is a Kahler-Einstein K3-surface (tti = 1) 

(3) (M4,g) is a Kahler-Einstein Enriques surface (m = Z2 ) 

(4) (M±,g) is the quotient of a Kahler-Einstein Enriques surface by a free 
anti-holomorphic isometric involution = Z2 X Z2). 

(We should better take the opposite orientation of M4 and replace rf^ h by 
self-dual notation rff lb for the A = case so that ^ R^ ypT {e) = and Einstein- 
Kahler forms {£} belong to self-dual (1,1) form. ) 

The relation between the vanishing covariant derivative with a Levi- 
Civita connection and the holonomy group Hol(g) asserts that Hol(g) C U(2) 
for Kahlerian manifolds with the complex dimension two. These compact 
Kahlerian manifolds with ci{M4)n = are exactly the compact complex man- 
ifolds admitting a Kahler metric with zero Ricci form (or equivalently the 
compact complex manifolds with restricted holonomy group contained in the 
special unitary group ). We now investigate the properties of the metrics 
or the complex structures defined by S fc (e) on these manifolds. We divide 
these manifolds into two groups. 



case b-1 ( when the canonical line bundle K is trivial) : 
M4 is a iT3-surface or a four-torus T 4 . 

On these two manifolds, the following reductions of Pu(2) are possible due 
to the fact that the canonical line bundles K over them are trivial. Actually, 
the restricted holonomy group Holo(g) reduces to the identity exactly when 
a metric is flat for T 4 . Though T 4 is not a simply-connected, Hol(g) = 
Holo(g) happens. Therefore the reduction Pjj(2) ~^ Pi 1S possible and all 



frame connections can be gauged away when metric is flat [24]. A K3— 
surface is, by definition, a compact simply-connected complex surface with 
trivial canonical line bundle K and b\ = 0. For a Calabi-Yau metric (a 
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Kahler-Einstein metric) Hol(g) = Hol (g) C SU(2) R = SP(1). Thus SU(2) L 
connections {u> (e)} can be gauged away. 

In these cases L>(e)S fc (e) = reduces to dS fc (e) = for all k. From dY, k (e) = 
and D(e)T, k (e) = 0, we obtain to k (e) = and the Ricci-flat Kahler metric. 

A = 0; iV(e)=0, (+) WW(e) = 0, cu fc (e) = 0. (18) 

{S fe (e)} define a Calabi-Yau metric on a iC3-surface or a flat metric on X" 4 . 
The gravitational instanton equations for a K3-surface with Calabi-Yau met- 
rics and a four-torus with flat metrics reduce to 

(i£ fe = 0, ^'-V' A >? . (19) 

These equations give the Ricci-flat condition and restrict to be a trio 



of closed Einstein-Kahler forms p['[14]. In Ref. 24, Plebanski used these 



equations to derive his 'heavenly equations'. A manifold which satisfies 



Eq. (19) is called hyper kahler ian. On hyperkahlerian manifolds, a trio of 
Kahler forms {S fc (e)} is represented by 



E*(e) = ~Va b e a A e oc g a ^ p dz a A dz\ (20) 

where {J k } are a trio of the (^-orthogonal complex structures which satisfy 
the quaternionic relations and g a ^ is an Hermite symmetric metric, z and z 
denote complex local coordinates on these manifolds. 

The moduli space is the equivalent class of a trio of the Einstein-Kahler 
forms (the hyperkahler forms) {H k (e)} : 

A4(£) = {S fc | H k G su(2) <g> A 2 , ^H* A E j = 0, dY, k = 0}/{diffeo.}. (21) 



case b-2 (when the canonical line bundle K is not trivial) : 

M 4 is K3/Z 2 , K3/Z 2 x Z 2 , or T 4 /T where T is some discrete group. 

In these cases, the reductions of Pu(2) ~~ * Psu(2) are n °t possible because 
the canonical line bundles are not trivial. From Eqs. (pb|), (|8|) and (|Tl|), the 
Riemannian self-dual tensors are also derived; 

A = 0; R^(e) = , {+) W^ Ta (e) = 0. (22) 

11 



The Hitchin's theorem states that {S fe (e)} form Einstein-Kahler metrics on 
these manifolds. In these cases HoIq{q) C SI/(2)r but Holo(g) ^ Hol(g) is held. 
They are called as the locally hyperkahlerian Kahlerian manifolds and some 
informations from oj k and S fc will be needed to describe the moduli spaces. 
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III. BRST SYMMETRY 

In this section we will explain the BRST symmetry of the model in the 
A / case. Our action is invariant under the usual gravitational transforma- 
tions, the restricted topological transformations. These transformations are 
invariant under the redundant transformations of them. We shall denote 
the BRST versions of the gravitational transf. 8® , the restricted topological 
transf. 5 s and the redundant transf. <5~f, respectively. 

( For A = this model belongs to the BF- type model so more careful 



investigations into the symmetries is necessary [26]. ) We introduce the 
following notations for the BRST symmetry ; 

diffeo. x SU(2) -» BRST 

ghost anti-ghost N-L field 

(f, v k ) ^c k = {c u , c k ) b k = {b u dx u , b k ) n k = (it v dx\ vr fc ) 

redundant diffeo. x redundant SU(2) -» BRST 

ghost anti-ghost N-L field 

(p u , e k ) -^j k = (Y,l k ) P k = (P„dx u ,p k ) f k = {r v dx u , r k ) 

restricted topological sym. — > BRST 

ghost anti-ghost N-L field 

ffi _» x ij -U 

The on-shell BRST transformations of this model are given by 

A 



[1)5 B ^ = D fl c* + (£ c u% + ,. /( 
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(2) 5 B ^ U = 2(2^ x cf + (C C E% U] + D^ v] 

= 69^ + 6^%, 

(3) Sbc* =-(cxcy + Cj- Ay + y^ 

= -(c x c)* + £ c c* +7*, 

(4) = -2(6 x cf + £ c 6* + ir\ 

(5) <W =2(fx C ) ! + £y + ^(6x 7 ) ! + 7 ff D ff 6 1 , 

o 

(6) 6 B cf = C Pd p c»-^, 

(7) tfsfy, = (£ C 6) M + 7r M , 
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(8) SsiTfi = (£ c vr) M + (£ 7 6) M , 

(9) 6 B Y =2( T x c )' + 4y + 7>t 

^8 B f = 2^xc) l + £ c f, 

(10) 5 B F =2(px C y + £ c p l + T\ 

(11) Set 1 =-2(rxc) ! + 4r i 4(^ x 7) i + W, 

O 

(12) 5 B1 » = Cjf, 

(13) 5 B f3^ = (£ C /5) M + t„, 

(14) 5 b t„ = (£ c r) M + (£ 7 /^, 

(15) =-2(^x C ) i + (£ c ^% + J D / , 7 i + 2 7 CT S^ 

= <5?4 + <f ^ + ^V(^ P - ^tfj, 

(16) W J ' =2( X xcf + £ cX nixX7)n 7 V ) 

o 

(17) <y B 7r ij ' = x ij ' - 2(vr x c)^' + (£ c 7r«), (23) 

where S^ui 1 ^ denote the redundant transformations and are given by the 
replacement of the parameters 0^7. The characteristic feature of our 
BRST symmetries is the presence of the restricted topological symmetry of 
the fundamental fields ; 5 s to^ = 55^, 5 S T^ U = D^\. 

As already pointed out, this action comes to a Witten-type action for 
A ^ under a — > limit by removing S fc using the equation of motion. The 
restricted topological symmetry can be interpreted as the supersymmetry 
for a Witten- type model. The supersymmetric pair (5u!^,(f>^) is important 
because it forms a basis of the tangent space of the moduli space while the 
other pair (#E*^, D^cj)K) is the auxiliary one and can be removed by using 
the equation of motion. The symmetries in the A / case are interpretable 
as 

{SU(2) x diffeo. x super sym.}/{redundant 577(2) x redundant diffeo.}. (24) 

The transformations of these fields also end in those of the ordinary Witten- 
type theory even for off-shell except 0^ and by redefining the redundant 
SU(2) ghost as 7* = — ^>7* + 7 M ^- The BRST symmetry of <p l agrees with 
Witten-type theory on-shell. Thus this model coincides with the Witten - 
type topological gravity model given by Torre []7]] up to the secondary Chern 
number which is our classical action after eliminating S fc under a — * limit. 

14 



From now on, we will replace Lie-derivative C c (£ 7 ) with the modified 

one C c u k = (C c to k )^ - D(c^uj k ) (C^ = (£~ ( L0 k )^ - D{^uj k )) so that 5 B <4 (5 B ^ 
) still remains in Psu(2) x Adsu(2) <g> A 1 , 

= 2c T F( Tti] , C c ^ u = 2D bl c°Kv] + UD^y (25) 
Before we proceed, it will be useful to introduce general spin bundles 



n m ' n , the space of fields with spin (m,n) of SU(2) L x SU(2) fi [g7||. Let 
us denote by Q 1 ' , Q, ' the two complex vector bundles on M4 associated 
with the defining 2-dimensional representations of the two factors. These 
will only exist globally if M4 is a spin manifold , i.e. the 2nd Stiefel - 
Whitney class w 2 {M 4 ) = 0. Let us denote by Q rn ' n = S"^ 1 ' <g> S" 1 ^ ' 1 the 
tensor product of the m-th symmetric power bundle of O '° and the n-th 
symmetric power bundle of Q, ' . For example, the space of Psu(2) x Adsu(2) 
valued 1-forms Su k is SI 2 ' (g> A 1 ~ O 2 ' (g) O 1 ' 1 while the space of (^,v k ) is 
equivalent to A 1 © ft 2 >° ~ O 1 ' 1 © tt 2 ' (see Table 2). 
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IV. ZERO MODES IN THE A / CASE 

To know the number of zero modes in the quantum action S q , we con- 



sider the moduli space M. defined by our instanton equations Eq. (16) for 
conformally self-dual Einstein manifolds. 

M(u) = {uj^\uj k £ su(2) n 1 ' 1 , tl F i A F j = 0}/{SU(2) x diffeo.} . (26) 

Given a solution (£q,Uq) of the instanton equations, the tangent space T{M.) 
of M is the space of infinitesimal deformations 5u> k which satisfy linearized 
instanton equations modulo deformations generated by SU(2) ( the sub- 
group of SO (4)) transformation and diffeomorphism: 

T(M.(uj)) = {5uj k \5oj k G O 2 ' tg) J2 1 ' 1 , -Di<5o;* = 0}/{SU (2) x diffeo.} . (27) 

where 

Drfu* = *-f-F$ A D&J = 0. (28) 

This linearized instanton equation is derived by substituting equation D5cu k — 
AjS fc = into A SE* = 0. 

We define the following sequence of mappings on a compact conformally 
self-dual Einstein manifold in terms of the spin bundles: 

O^ 1 C 00 ^ 1 ' 1 ©^ 2 ' ) ^ C 00 ^ 2 ' ®^' 1 ) ^ C°°(0 4 '°) ^ 0, (29) 

where the symbol sequence is 

V Vx V 2 

In the above sequence D—\ and D2 are identically zero operators. The op- 
erator Dq is defined by 

D (^, v k ) = C(.oj k + Dv k . (30) 

We can easily check the ellipticity of the deformation complex. Defining the 
inner product in each space Vi, we can introduce the adjoint operators Dq 
and D* for D and D 1 respectively and the Laplacians Aj; Ao = DqD , Ai = 
DqDq + D*D 1 , A 2 = D 1 Dl . We may then define the cohomology group on 
each Vi, 

H l = Ker A/Im A-i • (31) 
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It is easy to show that H l is equivalent to the kernel of Aj, the harmonic 
subspace of Vi. These cohomology groups are finite-dimensional. We call 
the dimension of H l h i . The H 1 is exactly identical with the tangent space 
of M.(oS) in Eq. (|27|) , the dimension of which we need to know. On the space 
Vq, H° is equal to KerDo because the image of D-\ is trivial. In the A ^ 
case, Torre found that Ker Dq is equivalent to the space of the Killing vectors 
0. The kernel of D2 is the whole of the space V2. Hence H 2 is the subspace 
of Vi orthogonal to the mapping D\, or equivalently it is the kernel of D*. 
The index of the elliptic complex is defined as the alternating sum, 

Index = h° -h 1 + h 2 . (32) 



By applying the Atiyah-Singer index theorem ]28[| to the elliptic complex, 
we obtain 

T , r ch(o 2 ' e n 1 ' 1 e ft 2,0 ® n 1 ' 1 e n^°) td(TM 4 ® c) 

Index = / — — - (33) 

J Kb e(TM 4 ) v ; 

ch(o 2 ' e o 3 - 1 e fi 4 ' ) td(TM 4 ® c) 

m 4 e(TM 4 ) 
= 5x - 7t, 

where eh, e and td are the Chern character, Euler class and Todd class of 
the various vector bundles involved. Therefore the alternating sum of h l in 
Eq. (32) is determined by the Euler number x and Hirzebruch signature r. 



By changing r — >| r |, this index can also be adopted to manifolds with the 
opposite orientation. 

If A > 0, h 1 and h 2 are found to be zero as shown by Torre j7|. The 
result such as h 1 = for the A > case agrees with the one of Perry and 
Teo. They showed that the dimension of the moduli space of conformally 
self-dual metrics is zero on S 4 or CP 2 by using the deformation complex for 
the metrics Therefore from Eqs. ( |32| ) and (33), the dimension h° is equal 
to the index, 

h° = 5 X -7t , h 1 = h 2 = . (34) 

The value of h°, the dimension of the Killing vector space, agrees with that 
obtained by a different method in Ref. 23. For S 4 with the standard metric, 
the dimension of the isometry is given by dim. 50(5) = 10, which coincides 
with h° = 5x — 7t | t=0jX= 2= 10. For CP 2 with the Fubini-Study metric, the 
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dimension of the isometry is given by dim. SU(3) = 8 which agrees with 
h° = 5x - 7t | r= i iX=3 = 8. If A < 0, h° becomes zero @, although h 1 and h 2 are 
not completely determined; 

h° = , h 2 - h 1 = 5 X - 7t . (35) 

For conformally self-dual Einstein manifolds with A < 0, there are two 
known examples, which are hyperbolic surface /T and boundary domain/r where 
r is some discrete subgroup. The dimensions of their moduli spaces of 
conformally self-dual Einstein metrics are zero due to the Mostov's rigidity 



29]. Thus in these cases the dimensions of the moduli spaces of the anti- 



self-dual frame connections are also zero. 
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V. THE PARTITION FUNCTION IN THE A / CASE 
For the purpose of the calculation of the partition function, we first 
decompose uj k and S fc fields as follows; 

u k = u% + 8u k , (36) 
H k = Sg + <5S fc , 

where loq and Eg are the background solutions of conformally self-dual Ein- 
stein manifolds. Suj k and 5Y± k are quantum fluctuations (=infinitesimal de- 
formations). 

The BRST quantization of the Witten-type topological gravity model 
in the A / case is straightforward. Twelve gauge fixing conditions for 
the super symmetry and seven ones for SU(2) x diffeo. are imposed. The 
gauge fixing conditions for the super symmetry consist of five gauge fixing 
conditions for the super symmetry except for the redundancy and seven 
fixing conditions to remove the freedom of the redundant symmetries. We 
are fixing the gauge to be Z?Q<5(j fe = for the diffeomorphism and 577(2) and 
DQ(f> k = for the redundant diffeomorphism and redundant 577(2) ; 

D* Q 8u k = (£*5uj k , D*5uj k ) = 0, 

diffeo. SU(2) (37) 

D* Q( f> k = (£; ( f> k ,D* ( f> k ) = o, 

red. diffeo. red. SU(2) (38) 
(DiSu) ij = Lf -F i A DSuji = 0, 

super/{red. diffeo. x red. 5^7(2)} (39) 

where * denotes the Hodge star dual operation and O* = — *0* is the adjoint 
operator of O. The operator D* Q : C°° (Sl 2 $ ® k 1 ) -> C°°(O 2 ' ®A ) is the adjoint 
operator of Dq : c k — > 5oo k , 

D c k {uj) = C c u k + D T c k dx T = 2c v D [v u k ] dx T + D T c k dx T , (40) 

where D = d + (u x •). The elements of the image of D\ : C°°(S1 2,0 <g> A 1 ) — > 
C°°(S7 4 ' <8> A 4 ) are 4-forms with symmetric trace-free SU(2) indices, i.e. sec- 
tions of O 4 ' <g> A 4 ~ ft 4 >° ® A . 
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The gauge fixed quantum action is given by 

S g = S TG + J S B [xij(Di5u;) ij + h * D* Su k + h * D* Q <j> k \. (41) 



When expanded out by using the properties of 5b in Eq. (p3|), Eq. fl4l| ) 
reads 

Sq = StG + 

+ / TTijiD^uf + % k * D* 5uj k + b k * D* D Q c k {uj) + b k * D^(p k 
+ J X ij(Di<f>f + f k * D* 4> k + k * D* D f(u>) + h * D* D c k (cl ) ) 
+ other higher order terms. (42) 

We are now ready to evaluate the partition function. 

Z = J VX(-S q ), (43) 

where VX represents the path integral over the fields such as <5£ fc , 5ui k , ghosts, 
anti-ghosts, N-L fields, etc. The Gaussian integrals over the commuting 0— 7 
set of fields in Eq. (42) yields the determinant (detAo) 1 which cancels with 



the detAo contribution coming from the anti-commuting set of fields b — c 
set. The term of (3 k * DQDoc k (<p) is three-point interaction of ghosts so does 
not contribute to the partition function. 

Consider now two terms f k * DqC^ + XijiDi^) 1 ^ (we absorb the b k * Do4> k 
term into the f}~ * DQ<p k term). In calculating their determinants we use a 
differential operator T = Dq © Di and its adjoint operator T* ; 

T 

T*T ; ft 3 ' 1 © fi 1,1 # n°'° © ft 2 ' © O 4 ' 

T* (44) 

One could show detT = det 2 (T*T) = (detAi)2 by using matrix notations for T 
and T*. The % — 5u> k — ir^ system of commuting fields gives (detAi)~ a which 
cancels with the determinant f k — 4> k — Xij system of anti-commuting fields. 

Since the moduli space has a vanishing dimension h 1 = for the A > 
case, it consists of isolated points such as CP 2 with the Fubini-Study metric 
or S 4 with the standard metric. We can write the partition function as 

Z = S instanton (detAi)-5(detAo)" 1 (detAi)5(detA ) = £ instanton ± 1 = ±1 (45) 
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up to the secondary Chern class by projecting out h° zero modes. 

We comment the BRST symmetry of the A = case briefly. Substituting 
A = in Eq. (|23|) the restricted topological symmetry of the fundamental 
fields are 5 s u k = 0, S S T,^ U = D^tfiK. The difference is apparent from the Wit- 
ten type topological model given by Kunitomo which has the following 
transformation for the fundamental fields S s uj k = = # The 

fermionic ghost zero modes for (j)^ of our model are contained in the basis of 
the tangent space of the moduli space and further investigation is necessary 
to know the precise value of the dimension. 

However on a K3-surface and T 4 , the special situation occurs ; uj k 
can be gauged away for on-shell and the topological symmetry reduces to 
S s Ti k = d<j) k . The number of the free parameters of this symmetry is not 
12 but 9 due to the redundancy of {d 2 (f) = 0/d 3 (fr = 0}. There is no need 
to fix SU(2) and redundant SU{2) in this case. We only fix five degrees of 
the restricted topological symmetry and four degrees of diffeomorphism and 
four degrees of the redundant diffeomorphism []26|]. 
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VI. THE DIMENSION OF THE MODULI SPACE IN THE A = CASE 

We focus our attention on two cases ; a four-torus with flat metrics and 
a i^3-surface with Calabi-Yau metrics. 

For a K3- surface with Calabi-Yau metrics and a four-torus with flat 
metrics, the moduli space is represented only by the deformations of a trio 
of Einstein-Kahler forms (hyperkahler forms) due to our prerequisite con- 
ditions for P-bundle on M4 and the gauge fixing conditions. 

Let K(g) be the moduli space of Einstein-Kahler forms on M4, e(g) be 
the moduli space of Einstein metrics, and C(g) be the moduli space of com- 
plex structures, respectively. They are the equivalent classes under the all 
diffeomorphism. At first we quote the result about the dimension of K(g) 
briefly when M4 is a Kahlerian manifold with vanishing real first Chern class 
, which is given by Ref. 23. Then we clarify the difference between 
i.e. the moduli space of hyperkahler forms defined by Eq. (|2l|) and the 
moduli space K(g). 

When the real first Chern class is zero, the deformation of the Kahler 
class with a fixed complex structure induces a deformation of a Einstein 
metric from the Calabi-Yau theorem. The deformation of Einstein-Kahler 
forms {£} consists of those of Einstein metrics {g} and of complex structures 
{J} and needs a careful examination of its degenerated part, 

6E = 8goJ + go6J~hoJ + goI, (46) 

where / = 4fJ{t) \t=o is the variation of complex structure J(t) of J and 
h = 4;g(t) \t=o is the variation of Kahler-Einstein metric g(t) of g. We quote 
the results of the dimensions about e(g), C(g) and K(g) in order. 
(1) Deformation of Einstein-Kahler Metrics : 

If some infinitesimal Einstein deformations of Einstein-Kahler metric g 
are contravariant two -tensor h, then they are decomposed into its hermitian 
part hh and anti-hermitian part h a h ; {h} = {%} © {h a h}, 

{hh} = {h ; h(Ju,Jv) = h(u,v)}, {h ah } = {h ; h(Ju, Jv) = -h(u,v)}, (47) 

where u, v G TM4. It is easy to see that both {hh} and {h a h) are infinitesimal 
Einstein deformations, {h^ o J} are shown to be the real (1,1) harmonic 
differential 2-forms and orthogonal to the Kahler forms ( which means the 
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fixing of the scale factor). Therefore they form a space whose dimension is 

dim. H { ^ 1] (M,3) - 1. 

(2) Deformation of Complex Structures : 

According to the Kodaira-Spencer deformation theorem [j3l|| , the tan- 
gent space of the moduli space of complex structures is isomorphic to 
2Hq(M, Q) in our case, where © is the sheaf of the germs of holomorphic 
vector fields. The deformation of complex structures is separated into 
two parts. The one is anti-symmetric complex deformation and the other 
is the symmetric one. The dimension of the anti-symmetric one {/ a s} is 
given by 2dim. H§'°\m,J) because anti-symmetric complex deformations 
are in one to one correspondence to (2,0) or (0,2) harmonic differential 
forms of {g o I as }. Thus the dimension of the remainder {I s } is given by 
2dim.i^(M, 9) - 2dim.H { J' 0) (M, J). 

(3) Deformation of Einstein-Kahler Forms : 

The degenerated part of the deformations of the Einstein-Kahler forms 
consists of the anti-hermitian Einstein deformations {h a h o J}, and the sym- 
metric complex deformations {g o I s }. The former counterbalances the lat- 
ter ; g o I s + h a h ° J = and their correspondence is shown to be bijec- 
tive. The dimension of {I s } is the same as that of {h a h} and is given by 
2dim. H}j(M, 0) — 2dim.H^'°\M, J). Consequently infinitesimal deformations 
of the Einstein-Kahler form is represented by 

5E = hhoj^ +{h a h ° J 

dim.. R H( 1 > 1 )(j\/,J)-l 

" « ' 

dim.e(g) 

+ goI s )+ g^J^ . (48) 

2dim. c H (2 ' 0) (M,J) 
dim.C(t/)=2dim. c H 1 (M,e) 

Finally, the dimensions of moduli spaces can be summarized for Ein- 
stein metrics, for complex structures and for Einstein-Kahler forms over 
the Kahlerian manifolds with c\(M)r = 0, 

dim. e (g) = <3im.H%' 1) (M, J) - 1 + 2dim.i^(M,G) - 2dim.i/^ 2,0) (M, J), (49) 
dim. C (g) = 2dim.#^(M, 6), (50) 
dim. K (g) = dxm.H$' 1 \M, J) - 1 + 2dim.#£(M, G). (51) 
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One can show that the canonical line bundle K is trivial over a K3- 
surface or over T 4 , and that there is a nowhere vanishing holomorphic 2- 
form A . The isomorphism of sheaves due to A and the Dolbeaut theorem : 

Hq(M, G 1 ) Hq(M, SI 1 ) ii^ 1 ' 1 ) (M, C) , leads to the following equations, 

dim. e (#) = Z&m.H^ (M, C) - 1 - 2dim.#( 2 ' )(M, C), (52) 
dim. C (#) = 2dim.tf( 1 ' 1 )(M, C), (53) 
dim. K (g) = 3dim.H ( ^ 1 ' 1 \M, C) - 1. (54) 

The results for a K3-surface and T 4 are given by 

dim. K(g) = 59, 
K3 ; I dim. C(#) = 40, 
dim. e(g) = 57, 
by substituting ft 1 ' 1 = 20 and 6 2 = 1 and 

dim. K(g) = 11, 
dim. C(^) = 8, 
dim. e(g) = 9, 

by substituting 6 11 = 4 and 6 2 = 1 except for a scale factor. 

The difference between _M(£) and K(g) is as follows ; the moduli space 
of the Einstein-Kahler forms K(g) is defined in terms of (g, J 1 ) or equiva- 
lently S 1 only. On the other hand, the definition of M.(T>) specifies a set 
of (g, J 1 , J 2 , J 3 ) or equivalently (S 1 ,^ 2 ,^ 3 ), which takes into account the de- 
grees of freedom how one can choose g and a trio of the (7-orthogonal complex 
structures up to a scale factor. 

Before we present the difference between dim. A4(S) and dim. K{g), 
let us show that the degrees of freedom of a trio of g-orthogonal complex 
structures which satisfy the quaternionic relations for a fixed g is 3 (see 
Appendix II). 

For a fixed g, 

{g— orthogonal quaternionic almost complex structures J 1 } = S 2 = ImH \ x j +x z +x 2 = i, 

(55) 

where Im H represents the imaginary part of the field of the quaternion H ; 

ImH = {J 1 =x 1 J 1 + x 2 .P + X3J 3 I (J 1 ) 2 = (J 2 ) 2 = (J 3 ) 2 = -1, J 1 J 2 = - J 2 J 1 = J 3 , 
(x 1 ,x 2 ,x 3 ) € R 3 J 2 J 3 = -J 3 J 2 = J 1 , J 3 J 1 = - J 1 J 3 = J 2 }(56) 
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The degrees of freedom how one can choose J for a fixed g is given by 
dim. S 2 = 2. The region of J 2 which is orthogonal to J 1 for a fixed pair (g, J 1 ) 
is equivalent to S 1 over S 2 . J 3 is automatically arranged after (g, J 1 , J 2 ) are 
fixed. 

From these facts, the difference between dim. K{g) and dim. e(g) is given by 
2, which corresponds to dim. S 2 ( the degrees of freedom of how to choose 
J 1 for a given g) and coincides with 2dim.H^ 2 ' ^ (M, C) = 2 ( the degrees of 
freedom of how to choose J 1 + S J for a fixed g + 5g) up to a scale factor. 
The difference between dim. K(g) and dim. A4(S) is given by dim. S 1 = 1 
up to a scale factor. 

After all the dimension of our moduli space becomes as follows ; 



up to a scale factor. In fact, we have confirmed the dimension of the moduli 
space MiT:) by applying Atiyah-Singer Index theorem to the deformation 



The moduli space A4(S) has a bundle structure with the fiber (J 1 , J 2 , J 3 ) 
over the base manifold which is the moduli space of the Einstein metrics up 
to a scale factor ; 



dim. M(E) = 60 for K3, dim. M(Y) = 12 for T 4 , 



(57) 



complex ( we will report this in the next paper |26| .) 



A4(£) 



dim. M(H) = dim. K (g) + 1 = dim. e(g) + 3 



T 



K{g) 



dim. K(g) = dim. e(g) + 2. 



T 



<9) 



25 



VII. CONCLUSION 

In this paper, we have presented a topological version of 2-form Einstein 
gravity in four dimensions. For a compact manifold in the A ^ case, we 
have defined the elliptic complex associated with the moduli space of our 
theory. By applying the Atiyah-Singer index theorem in the A ^ case, we 
have evaluated the index of the elliptic complex and the partition function. 
In the A = case, we have clarified the dimension of the moduli space which 
is related to the Plebansky's equations for T 4 and a K3-surface. 

It would be intriguing to study the A = case, since the relation of 
four-dimensional (Riemann) self-dual gravity and two-dimensional confor- 
mal field theory has been investigated. In fact, Park showed that the former 
arises from a large N-limit of the two-dimensional sigma model with SU(N) 



Wess-Zumino terms only |32| . Our topological model will be useful to un- 
derstand the relation and to develop the self-dual gravity. 

As another approach, it would also be interesting to extend BF-type 
model in the A = case to the super BF-type model []||]. Since the dimension 
of the moduli space is non-zero, there arise as many fermionic zero-modes 
as the dimension, which make the partition function trivial. To avoid this 
we need some functional O which absorbs the zero-modes. If one calculates 
the vacuum expectation value of the 'observable' O, then it may provide 
non-trivial information such as a differential invariant to distinguish differ- 
ential structures on these manifolds. Such a functional O is required to be 
BRST invariant to preserve the topological nature of the theory and may 
be obtained from the BRST descendant equations as in two-dimensional 
topological gravity Q. 

The extension of the algebraic curves ( one-dimensional compact complex 
manifolds ) with Einstein metrics to four dimensions may be the algebraic 
surfaces (two-dimensional compact complex manifolds ) with Einstein met- 
rics. T 4 and a K3-surface belong to the algebraic surfaces. To construct the 
topological gravity models by taking another gauge fixing conditions, which 
describe these algebraic surfaces is worth pursuing. 



26 



ACKNOWLEDGMENT 



We are grateful to Q-Han Park and S. Morita for useful discussions. We 
also acknowledge N. Sakai for useful discussions and careful reading of the 
manuscript. One of us (M. A.) thanks A. Futaki most for pointing out the 
difference between K{g) and M(S) and the necessity of an almost complex 
structure with vanishing real first Chern class for the A = case. 



27 



APPENDIX I : PROPERTIES OF THE 77 SYMBOLS 
We list some useful identities of the r) k b [21]: 



Vab 



e ka b for a, b = 1,2,3. 



VaO 



n k 



5 k for a = 0,1,2,3. 



(1) Vab = -Vba, 

(2) rt = -\e ab cd r ] k c d , 

(3) = 2(4 C «5? - i £afecd ) = 2P ab cd , 

(4) 7 1 k ab rj l c b = 25 l k 5 a c +e klnV 2 c , 

where eum and e a bcd denote the anti-symmetric constant tensors. 
From Eqs.(3) and (4), the identities of S fc (e) are derived : 

(5) £j„(e)£^(e) = 2P^\ 

(6) S*"(e)S^(e) = -4^ + e JHri S^(e). 
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APPENDIX II : SOME DEFINITIONS, THEOREMS AND PROPO- 
SITION 

In this appendix, we put some definitions, theorems and proposition 
which we have used. 

Theorem ( S. Kobayashi and K. Nomizu p2[] ) 

Let P(M, G) be a principal fibre bundle with a connection T, where M is 
connected and paracompact. Let uq be an arbitrary point P. Denote by 
P(uq) the set of points in P which can be joined to no by a horizontal curve. 
Then 

(1) P(uq) is a reduced bundle with structure group Hol(g). 

(2) The connection F is reducible to a connection in P(uq). 

Theorem ( E. Calabi and Yau Q ) 

Let M be a compact Kahlerian manifold, £ is its Kahler form and Any closed 
(real) 2-form of type (1,1) belonging to 2ttc\{M)r is the Ricci form of one 
and only one Kahler class S. 

As an immediate consequence, we get the following fact: 
the compact Kahlerian manifolds with zero real first Chern class are exactly 
the compact complex manifolds admitting a Kahler metric with zero Ricci 
form (equivalently with restricted holonomy group contained in the special 
unitary group.) 

Definition 1 (Besse @) 

A 4n-dimensional Riemannian manifold is called 

(a) hyperkahlerian if its holonomy group is contained in SP(n). 

(b) locally hyperkahlerian if its restricted holonomy is contained in SP(n). 

Definition 2 (Besse @) 

A 4n-dimensional Riemannian manifold is called 

(a) quaternion-Kahler if its holonomy group is contained in SP(N) x SP(1) 
(a) locally quaternion-Kahler if its restricted holonomy group is contained 

in SP{N) x SP(1) 
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Proposition 1 (Besse [p4|]) 

A Riemannian manifold (M, g) is hyperkahlerian if and only if there exist on 
M two complex structures J 1 and J 2 such that 

(a) J 1 and J 2 are parallel (i.e. 5 is a Kahler metric for each. ) 

(b) J 1 J 2 = -J 2 J 1 

Notice that J 3 is still a parallel complex structure on M and more gener- 
ally, given (xi,X2,X3) in R 3 with x 2 + x\ + x 2 = 1, then the complex structure 
J = x\ J 1 + X2J 2 + X3J 3 on M is still parallel. So there is a whole manifold 
(isomorphic to S 2 ) on parallel complex structure on M. 
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Table 1. A Dimension-Counting of Fundamental Variables. 


A/0 case 


degrees 


A = case 


degrees 




3 x 6 = 18 




3x6 = 


18 




3 x 4 = 12 




1X4: 


= 4 


total 


30 


total 




22 


{ diffeo. xSU{2) } 




{ diffeo. xC/(l) } 






gauge fix. condi. 


4+3=7 


gauge fix. condi. 


4+1 


=5 


{ rest. top. / red. } 




{ rest. top. / red. } 






gauge fix. condi. 


5 


gauge fix. condi. 




5 


Eq. of the motion 




Eqs. of motion 






F k = (A/12)S fe 


18 


{F k = 0}/{DF k = 0}/ 










{D 2 F k = 0}, 


6-4+1 


=3 






{DZ k = 0}/{L> 2 £ fe = 0} 


3 x (4 - 1) : 


= 9 


total 


30 


total 




22 
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Table 2 


Fields and Their Ghost Assignment 




field 


content 


Fermion/ 


ghost 


form 


represen- 






Boson 


number 




tation 


5uj 1 = Scu^dx* 1 A dx" 




B 





1 


n 2 ' ® A 1 


= SZ^dxP A dx" 




B 





2 


ft 2 - <g> A 2 


diffeo. -» BRST 




ghost 


F 


1 


-1 


TM 4 ~ A 1 


6 = 


anti-ghost 


F 


-1 


1 


T*M 4 ~ A 1 


7T = ■K v dx V 


N-L field 


B 





1 


T*M 4 ~ A 1 


SU(2) -> BRST 


c i 


ghost 


F 


1 





ft 2 - ® A 


6* 


anti-ghost 


F 


-1 





2 -°®A° 


7T 


N-L field 


B 








ft 2 - (g> A 


red. difFeo. -» BRST 


7" 


ghost 


B 


2 


-1 


TM 4 ~ A 1 


/3 = /^ds" 


anti-ghost 


B 


-2 


1 


T*M 4 ~ A 1 


r = T v dx v 


N-L field 


F 


-1 


1 


T*M 4 ~ A 1 


red. SU(2) -► BRST 




ghost 


B 


2 





ft 2 ' A 




anti-ghost 


B 


-2 





^ 2 -°®A° 




N-L field 


F 


-1 





fi 2 <° ® A 


susy. -» BRST 


<f>i = $ v dx v 


ghost 


F 


1 


1 


ft 2 ' ® A 1 


x ij 


anti-ghost 


F 


-1 





tt 4 <° x A 


7T« 


N-L field 


B 








tt 4 - x A 



( — 1 for form means a "vector") 
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Figure caption 

Fig. 1 Hol(g) on M4 with torsionless connections 

1. almost complex {M4, J} 

2. Kahlerian {M 4 ,g,J} 

3. Riemannian {M4,g} 0(4) D Hol(g) e. g. S 4 with Riemannian metrics 

4. Ricci-flat Kahlerian {M4,g, J} 

5. hyperkahlerian {M4, g, J 1 , J 2 , J 3 } 
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Fig. 1 
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